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Some Flutter Solutions Using Finite Elements

MervyN D. Ouson*
National Aeronautical Establishment, Ottawa, Canada

The application of the finite-element method to supersonic flutter problems is presented.
Two rectangular plate bending elements (the 12-parameter nonconforming model and the
16-parameter conforming one) and an 18-parameter conforming triangular element are used.
Two-dimensional, quasi-steady aerodynamic matrices are derived for these elements from
virtual work principles. The flutter of a square, simply supported panel is analyzed with
various assemblages of both rectangular elements. A comparison with the exact solution
indicates that the conforming element yields superior results. These latter elements are
then used to analyze a square clamped panel, a problem for which no exact solution is avail-
able. The triangular finite elements are applied to the flutter of several cantilevered delta
wings. The calculations compare well with experimental results available in the literature

even for quite low aspect ratio configurations.

Nomenclature

a,b = rectangular element dimensions, Fig. 1

Ues = freestream speed of sound

[A4],lA] = aerodynamic matrices for finite element and total
structure, respectively

¢ = semichord of delta wings

D = plate bending rigidity

Ga = aerodynamic damping parameter, Eq. (15)

h = plate thickness

kker = eigenvalue, Eq. (13); coalescence value

krkr = real and imaginary parts of k

[K.,[K] = stiffness matrices for finite element and total
structure, respectively

L = length of plate or wing

M. = Mach number

[M.,IM] = mass matrices for finite element and total struc-
ture, respectively

n = number of elements per side of plate

q = dynamic pressure

U = freestream velocity

w,n = plate deflections, Eq. (2)

We, Wy = Qw/dx, d*w/dxdy, etc.

A Ner = nondimensional dynamic pressure = 2¢L3%/
D(M.? — 1)V2 and coalescence value, respec-
tively

i = mass density parameter, Ref. (12)

A = sweepback angle of delta wings

v = coefficient of time dependence, Eq. (2)

pyPa = plate material and air density, respectively

® = circular frequency

wo = frequency scale = (D/phL*)V/?

2 = gecond natural frequency for delta wing

1. Introduction

N the past few years, considerable progress has been made
in developing finite-element techniques for structural
analysis. The finite-element method is being extended to
almost all branches of solid mechanies, and problems are
being tackled which were previously considered unsolvable.
Almost all types of plate and shell problems encountered in
the aerospace field are currently being analyzed. Some of
the latest extensions include wave propagation, random re-
sponse, buckling, geometric nonlinearities and elastic-plastic
analysis.
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It appears that aeroelasticians are just beginning to recog-
nize the potential of the method for their work. However,
many current flutter calculations still depend on experi-
mentally measured mode shapes and/or influence coefficients
or, at best, estimates of these from crude theories. With
finite-element techniques, it is becoming possible to eliminate
these limitations. Either the method may be used to pre-
dict more accurate mode shapes required for a modal analysis
or the flutter calculations may be carried out directly, thus
avoiding the modal analysis completely. This latter ap-
proach takes advantage of the full potential of the method
and is the one adopted in the following.

The finite-element method was first applied to two-dimen-
sional panel flutter by the author.! There it was shown that
only a few elements were required to yield .completely satis-
factory results. In the present paper, the method is extended
to three-dimensional applications using both rectangular and
triangular plate bending elements. The present applications
are restricted to the supersonic range, and two-dimensional,
quasi-static aerodynamic theory is assumed accurate enough
for the limited trend studies to be presented herein. Al-
though the use of this aerodynamic theory for three-dimen-
sional applications may sound inconsistent, past experience
has shown that it yields surprisingly good results even for
quite low aspect ratio configurations. The quasi-static
assumption limits the applications to cases with low reduced
frequencies. Consistent aerodynamic matrices are derived
for all three elements from virtual work principles.

The rectangular plate bending elements employed here
are the well-known 12-parameter nonconforming model?
and the newer, 16-parameter conforming model developed by
Bogner, Fox and Schmit.? The former element provides
only displacement continuity between adjacent elements,
whereas the latter one provides slope continuity as well.
Hence, monotonic convergence of the total potential energy
in static problems is guaranteed only when using the latter
elements. The flutter of a simply supported square panel
is analyzed with various assemblages of both these elements,
and the results are compared with the exact solution. It is
found that the conforming element gives the best results,
and hence is used to analyze the flutter of a clamped square
panel, & previously unsolved problem.

A triangular plate bending element is used in the final part
of the study, so that problems with nonrectangular bound-
aries may be analyzed. The element chosen is a new 18-
degree-of-freedom model*~® which outperforms all previously
available representations. Six parameters, w, dw/dz, dw/dy,
0w /dx?, O*w/dxdy, and d%w/Oy?, are used at each corner of



748 M. D. OLSON

z y
/ TAp(x,y,?)
4) o
A2 47 /
IW(XJ'” ] b
i

ATlxy,t) /
ﬂ X

Fig. 1 Rectangular finite plate element.
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this element and provide complete displacement and slope
continuity between adjacent elements. Calculations are
carried out for cantilevered wings of delta planform with
various assemblages of the triangular elements, and the re-
sults are compared with experimental results available in the
literature.

Since the present study was completed, some similar work
has been reported by Kariappa and Somashekar.” However,
they treat only the nonconforming rectangular element and
present results from only one gridwork of these elements.
Hence, it is very difficult to judge the accuracy of the method
from their limited study.

2. Theoretical Formulation

Consider the rectangular finite element depicted in Fig. 1.
For simplicity, it is assumed that the air flowing above the
panel is parallel to the z-axis and that the effect of any air
entrapped below may be neglected. Assuming two-dimen-
sional supersonic aerodynamic theory is sufficiently accurate,
the aerodynamic force acting on an infinitesimal element
dxdy is

Ap(zad) = ——24 ow 1M — 20w

p(x;y: ) - (ﬂ[mg _ 1)1/2 ax UMOO2 — 1 at
where g, M., and U are the dynamic pressure, Mach number
and flow velocity, respectively. Assuming exponential de-
pendence on time

] dady (1)

w(zyt) = n(zy)e” @
allows the aerodynamic force to be separated into
Ap = [AP, + AP4le” (3)
where
AP, = [2g/(M.* — 1)*](0n/0x)dady €
and

AP; = 2qv/U)[Ma? — 2/(Mo? — 1)* ]y dady  (5)

It is clear that AP, is the primary aerodynamic force, since

it is proportional to the slope 07n/0z, while AP, is the aero-

dynamic damping and is proportional to the displacement 7.

Hence, AP; may be combined with the usual inertia force
Al(z,yt) = phvindrdy (6

to yield an effective inertia force

2v M.,?— 2

o (———Mmz — l)mjl ndzdy

)

Therefore, the effect of the aerodynamic damping is readily
included in the finite element method by replacing the usual
inertia parameter phy® with phv? 4 2qv (M2 — 2)/U(M % —
1)z,

To include the effect of the aerodynamic force of Eq. (4),
it is necessary to derive an aerodynamic matrix. This is

Al, = Al + AP; = |:ph1/2 +
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achieved through a caleulation of virtual work. The virtual
work of the aerodynamic force is

Vo= JS7AP. = [2¢/(M2 — DV*1ff7(0n/0x)dzdy  (8)

where 7 is the virtual displacement, and the integration is
over the area of the finite element. In the finite-element
approximation, 5 is usually assumed in the form

n(xy) = {Wirif} ©)

where {W} is a column vector of generalized displacements
and {f} is a column vector of interpolation funetions in z and
y. Particular examples of these vectors will be considered
in the next seetion. Introducing Eq. (9) into Eq. (8) yields

Ve = {WrlA (W} (10)

where

(4] = [2¢/(Mo2 — D)2 {f}7{of/0a} dady  (11)

is the required aerodynamic matrix for the particular finite
element being considered.

The stiffness and mass matrices, [K.|] and [M.], respec-
tively, for the finite elements to be employed herein are avail-
able in the literature and hence are not presented here.
Putting all the matrices together yields the equation for the
generalized forces acting on a finite element as

{F} = [K.+ ad. — M. |{W} (12)

where {F} is a column vector of generalized forces corre-
sponding to the generalized coordinates {W}. The total
matrix enclosed by the outer square brackets represents the
generalized aerodynamic-stiffress matrix for a finite element.
Assembling the finite elements to approximate a particular
structure then follows a fairly standard procedure. The
master aerodynamic-stifiness matrix for the structure is ob-
tained from an assemblage of the individual element matrices
by equating corresponding generalized coordinates at corner
junctions and equating the sums of corresponding generalized
forces there to zero. The homogeneous kinematic boundary
conditions are applied by striking out the appropriate rows
and columns. This leads to a final eigenvalue problem of the
form

K + M — EMI{W} =0 (13)

where
A= 2qL3/D(M. 2 — 12
and
k= —-AM.2—~2)/(M.2— )(L/U)yy — (phL*/D)v?

are the nondimensional dynamic pressure parameter and
eigenvalue, respectively. The master aerodynamic matrix
[A] is nonsymmetrie, and hence nonreal eigenvalues k are
expected for A > 0. For A = 0 however, the eigenvalues are
real and positive, since [K] and [M ] are symmetric and posi-
tive definite. As X is increased from zero, two of these eigen-
values will usually approach each other and coalesce to k.. at
A = Ae and become complex conjugate pairs

k= kg =+ tk; (14)

for X > Aer. Here Ay is considered to be that value of A at
which first coalescence occurs. The eigenvalue £ may be
put in the more convenient form

k= —g.(v/wo) — (v*/w0?) (15)
where
o = (M2 — 2) pU/(Mo2 — 1)¥2 phwy

is the nondimensional aerodynamic damping parameter.
wo = (D/phLHY? is a convenient frequency scale that is re-
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Table 1 Aerodynamic matrix 5040 (M2 — 1)V%[4.]/2ga?b for nonconforming rectangular element?

0 —21 —~175 —28 21 175

21 —24 —132 —-21 24 132
175 —132 —~936 —175 132 936
28 21 175 0 —21 —175
—~21 —24 —132 21 24 132
—175 —132 —936 175 132 936
14 14 77 0 —14 —77
14 18 78 —14 —18 —78
—77 -78 —324 77 78 324
0 —14 -77 ~14 14 7
—14 18 78 14 —18 —178
7 —78 —324 -7 78 324

—14 —14 77 0 14 —77
—14 -18 78 14 18 -78
—77 —78 324 77 78 —324
0 14 —77 14 —14 77

14 —18 78 —14 18 ~78
77 —78 324 —77 78 —324

0 21 —175 28 —21 175
—-21 24 —132 21 —24 132
175 —132 936 —175 132 —936
—28 —21 175 0 21 —175
21 24 —132 —21 —24 132
-175 -132 936 175 132 —936

@ Rows and columns 2, 5, 8, and 11 are to be divided by s = a/b.

lated to the first natural frequency for a semi-infinite simply
supported panel.

Now for steady state flutter, » = tw, and combining Eqs.
(14) and (15) yields the flutter frequency and aerodynamic
damping

w/wo = (kp)'?, go = ki/(kr)"'? (16)

Hence, the flutter boundary as a function of the aerodynamic
damping g. may be obtained by continuing the calculations
for X > Ao It is worth noting here that this procedure is
different from the one put forward in Ref. 7, where the aero-
dynamic damping was introduced as a complex quantity in
the master matrix, Eq. (13). The present procedure has the
significant advantage that the master matrix is nonsymmetric
but not complex.

2.1 Nonconforming Rectangular Element

The first finite element considered in the present study is
the now well-known 12-degree-of-freedom nonconforming
plate element. This element uses the three parameters w,
Ow/dx and Ow/dy as generalized displacements at each
corner and provides displacement continuity but not slope
continuity between adjacent elements. The displacement
vector of Eq. (9) for this element becomes

WIT = (W, 041,01 /0, Wa,. .« Waye « v Wty « .. ) (A7)

where w, = Qw/dzx, ete., and the subseripts 1 to 4 refer to the
element corners shown in Fig. 1. The corresponding inter-
polation functions of Eq. (9) may be obtained from Ref. 2.
Carrying out the calculations involved in Eq. (11) leads to the
aerodynamic matrix given in Table 1.

2.2 Conforming Rectangular Element

The second finite element considered here is the relatively
newer 16-degree-of-freedom conforming plate element.? This
element uses one additional generalized displacement 0%w/
dxdy at each corner and provides slope continuity as well as
displacement continuity between adjacent elements. The
displacement vector for this element is

w7 =

(W1/ AW 21, W1, W1, W/ Ay« + W3/« o o W/ Gy o ) (18)

and the interpolation functions required in Eq. (9) are
products of the one-dimensional Hermite polynomials given
in Ref. 3. Again, carrying out the calculations of Eq. (11)
for this element leads to the aerodynamic matrix given in
Table 2.

2.3 Conforming Triangular Element

Finally, a triangular element is considered, so that prob-
lems with nonrectangular boundaries may be analyzed. The
element chosen is a new 18-degree-of-freedom conforming
model which exhibits a higher accuracy and faster conver-

gence than any previously available representations. The
initial formulation and some preliminary static results are
presented in Ref. 4, and the general derivation is given in
Refs. 5 and 6 along with extensive numerical verifications.

The element uses the six parameters w, ow/dx, Ow/dy,
Q%w/dx?, d2w/dxdy, and d%w/Vy? as generalized displacements
at each vertex. A brief outline of the element derivation
follows. The displacement for the element is taken as a full
quintic polynomial in two cartesian coordinates, and three
constraints are placed on the polynomial to ensure that the
slope normal to an edge dw/On varies cubically along each
edge of the element. These three constraints are just suffi-
cient to reduce the 21 terms in the quintic polynomial to 18
and hence make it compatible with the 18 generalized dis-
placements for the element. In Ref. 6, the stiffness and mass
matrices for the element are actually derived in terms of the
polynomial coefficients in closed form. These matrices are
generated in the computer and are then numerically trans-
formed into corner displacement notation. The same pro-
cedure is followed to obtain the aerodynamic matrix. In the
notation of Ref. 6, the elements of this aerodynamiec matrix
[a] in terms of the polynomial coefficients are

ay = [2¢/ (M2 — D)2 [mF(m; + m; — Ln; + n;) cosf —
n;F(m; + mymn; + n; — 1) sinfl 7,7 = 1to 20 (19)

Note that the air flow is assumed to be in the z direction in
Fig. 1 of Ref. 6. Transforming to the corner displacements
in the global coordinate system yields the required 18 X 18
aerodynamic matrix

[4.] = [B]"(T:]"[a][T=}{R] (20)

All the caleulations involved in Eqgs. (19) and (20) are carried
out directly in the computer, and only the rotation and
transformation matrices need be written out explicitly. See
Ref. 6 for details and definition of symbols used in Eqgs. (19)
and (20).

3. Results of Example Applications

Several example applications of the present method are
presented in this Section. The method of calculation fol-
lowed is to first set up the master aerodynamic-stifiness
matrix of Eq. (13) for a particular assemblage of finite ele-
ments. The eigenvalues are then calculated for increasing
values of the dynamic pressure parameter A until first coales-
cence oceurs. An iteration procedure is then introduced to
calculate accurate values of A.: and k...

3.1 Simply Supported Square Panel

The first application considered is that of a simply sup-
ported square panel, since it has an exact solution® and hence
serves as a check on the method. Caleulations are carried
out with various assemblages of both rectangular elements
discussed in Section 2. A typical element layout (4 X 4



M. D. OLSON

ATAA JOURNAL

Table 2 Aerodynamic matrix 25200 (M2 — 1)V?[4.]/2qa’b for conforming rectangular finite element®

— 4680 —936

936 —660 132 4680 660 —132

—936 0 -132 0 936 —156 132 22
—660 132 —120 24 660 —132 120 —24
—132 0 —24 0 132 =22 24 —4
—4680 —936 —660 —132 4680 936 660 132
936 156 132 22 —936 0 —132 0
—660 —132 —120 —24 660 132 120 24
132 22 24 4 —132 0 —24 0
—1620 —324 -390 —78 1620 324 390 78
324 54 78 13 —324 0 =78 0
390 78 90 18 -390 -—-78 —-90 -—18
-78 =13 -18 -3 78 0 18 0
—1620 324 —390 78 1620  —324 390 —78
—324 0 =78 0 324 —5H4 78 =13
390 —78 90 —-18 =390 78 —90 18
78 0 18 0 —78 13 —18 3

1620 —324 —390 78 —1620 324 390 —78
324 —54 78 13 —324 0 78 0
390 =78 =90 18 —390 78 90 —18

78 —13 —18 3 —78 0 18 0
1620 324 -390 —78 —1620 —324 390 78
—324 0 78 0 324 54 =78 —13
390 78 —-90 —18 —390 78 90 18
—~78 0 18 0 78 13 =18 -3
4680 936 —660 —132 —4680 —936 660 132
—936 0 132 0 936 156 —132 =22
—660 —132 120 24 660 152 —120 —24
132 0 . —24 0 -—132 =22 24 4
4680 —936 —660 132 —4680 936 660 —132
936 —156 —132 22 —936 0 132 0
—660 1320 120 —24 660 —132 -—120 24
—132 22 24 —4 132 0 —24 0

@ Rows and columns 3, 4, 7, 8, 11, 12, 15, and 16 are to be divided by s = a/b.

grid) is shown in Fig. 2. Poisson’s ratio is assumed to be
0.3.

It is of interest to consider first how well the finite elements
approximate the in-vacuo vibration modes of the panel.
Hence, numerical results are presented in Table 3 for the
first two eigenvalues for A = 0. It is interesting to note
that the nonconforming element results converge towards the
exact values from below, while the conforming results con-
verge from above. Both elements give reasonable approxi-
mations for these eigenvalues, but the conforming results are
far more accurate than the nonconforming ones.

When \ is increased from zero, the lowest two eigenvalues
for this problem approach each other and coalescence to ke

Table 3 In-vacuo eigenvalues for simply
supported square panel

Finite kl k2
element

grid NRE® CRE» NRE CRE
2 X 2 324.77 391.32 2592.0 2808.0
3 X3 352.54 389.97 2171.0 2473 .8
4 X4 366.72 389.74 2247 .2 2447 .9
6 X 6 378.71 389 .66 2335.5 2437.8

Exact values 389.636 2435.23

@ NRE non-conforming rectangular elements.
b CRE conforming rectangular elements.

at Aer. The plots of this coalescence are remarkably similar
to those shown in Ref. 1 for the two-dimensional panel.
Hence, they are not presented here, since they provide noth-
ing new. The numerical results for coalescence as predicted
by the various finite element assemblages are presented in
Table 4 along with the number of degrees of freedom re-
quired for each calculation. It is seen that all the results
appear to converge satisfactorily towards the exact solutions
as the element gridworks are refined. The result from the
2 X 2 grid of nonconforming elements is an exception to this,
but this result must be considered fortuitous in light of the
free vibration results of Table 3. It is seen there that this

Fig. 2 Typical

finite element

layout for square

panel (4 X 4
grid).

]

element gridwork underpredicts %k; and overpredicts ks.
These errors apparently compensate each other in such a
way as to yield an unusually good coalescence prediction.

It may be seen from Table 4 that the convergence of the
flutter predictions is not monotonic even for the conforming
elements, whereas these elements do give monotonic con-
vergence of the in-vacuo eigenvalues. This type of non-
monotonic convergence of the flutter solutions was already
observed in Ref. 1 for the two-dimensional panel, so it is not
surprising to find it here as well. Again it is clear from
Table 4. that the conforming element results are far more
accurate than the nonconforming ones. In fact, the 6 X 6
grid predictions for A, and k. are only in error by 0.17 and
0.279%, respectively.

The actual rates of convergence of the finite element pre-
dictions are illustrated in Fig. 3 where the absolute relative
errors are plotted vs n, the number of elements along an
edge of the plate. The dashed lines with slopes of —2

n2 »
N '\(n'
\
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Fig.3 Relative error of finite-element solutions for flutter
of simply supported square panel.
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Table 4 Eigenvalue coalescence results for simply
supported square panel
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Table 6 Eigenvalue coalescence results for clamped
square panel using conforming rectangular elements

Finite Total Finite Total
element degrees of element degrees of
grids freedom Aer ker grid freedom Aer ker
Nonconforming elements 2 X2 4 1088. 886 5026.08
2% 2 7 505.877 1751.91 3 X3 16 817.934 4050.49
’ = 4 X 4 36 846.146 4244 .35
3 X3 20 430.527 1534.98
. 5X5 64 849.492 4272 .95
4 X 4 39 462.532 1668.04 6 6 500 350,418 1498203
6 X 6 51¢ 488.703 176624 X6 9 : :
Exact solution 512.651 1848.21 Approximation of
. Ref. 8 876.8 4077.
Conforming elements
2 X 2 16 552.835 1945.81 @ Using symmetry.
3X3 36 501.204 1782.79 .
4 X4 64 508.609 1825.16 good considering that they are based on a separated solution
6 X6 ) 72¢ 511.786 1843.29 (which is fundamentally incorrect for a clamped panel)
Exact solution 512.651 1848.21 using only 1 — cos2wy/L for the y dependence of the panel

2 Using symmetry.

and —4 are included for reference. Tt is seen that the non-
conforming element results appear to be approaching a slope
of —2 for large values of n, whereas the conforming element,
results are approaching a slope of —4. This is significant
in that these slopes are precisely the asymptotic slopes ob-
tained with these respective elements in calculating the in-
vacuo eigenvalues, as shown in Ref. 9. Hence, it is seen
that the conforming elements provide faster convergence as
well as smaller errors than the nonconforming elements.

3.2 Clamped Square Panel

The next application considered is that of a square clamped
panel, a configuration for which no exact solution is available.
Only the conforming rectangular elements are used for this
example, since it is clear from the previous section that they
give better results than the nonconforming ones. Poisson’s
ratio is again assumed to be 0.3. Some of the in-vacuo eigen-
value results are given in Table 5 along with the very ac-
curate upper and lower bounds from Ref. 10. Again it is
seen that the finite-element predictions of these eigenvalues
are quite accurate and converge rapidly towards the “exact”
values. However, the accuracy is not nearly as good as it
was for the simply supported case (Table 3).

The eigenvalue coalescence results are given in Table 6
along with the number of degrees of freedom required in each
case. These results appear to be converging very well for
the more refined gridworks. In particular, the differences
between the 5 X 5 and 6 X 6 grid predictions of Ae: and ke
are only 0.11 and 0.219, respectively. Hence, it may be
assumed that the 6 X 6 grid predictions are the “‘correct”
values for most practical purposes. Note that the con-
vergence again is not monotonic for the less refined element,
grids. The approximate values of Ae: and ke given in the
Table are due to Houbolt? These values are surprisingly

Table 5 In-vacuo eigenvalues for clamped square
panel using conforming rectangular elements

Finite
element .
gI‘ld kl kz
2 X2 1367.86 8684.3
3 X3 1310.16 5626 .4
4 X 4 1300.13 5480.9
5X5 1297.22 5427.0
6 X 6 1296.11 5406.7
Upper and lower
bounds, 1294.96 5386 .7
Ref. 10 1294.93 5386 .4

deflection. .

Finally, some calculations for X > A are carried out for
this problem to give the flutter boundary as a function of the
aerodynamic damping parameter g.. The results obtained
using the 6 X 6 grid of elements are given in Table 7 for
values of N\ up to 900. It appears that for this range of A,
kr varies linearly and ¢. varies quadratically with .

3.3 Cantilevered Delta Wings
The final application considered here is to the flutter of
several cantilevered wings of delta planform. These ex-

Table 7 Flutter boundary results for
clamped square panel

A kr k1
850.4 4282. 0
855.0 4292, 3.337
860.0 4304. 4.828
870.0 4326. 6.908
830.0 4349. 8.498
890.0 4373. 9.838
900.0 4396. 11.019

amples serve to check out the method when using the tri-
angular plate elements discussed in See. 2.3. The
problem configuration and the two finite element assemblages
used for the calculations are shown in Fig. 4. The only
change from the previous applications to be noted is that
now the air flows on both sides of the structure and the aero-
dynamic matrix is therefore doubled.

The calculations are carried out for the three sweepback
angles A = 45, 60, and 70 degrees, and the results are com-
pared with the experimental results given in Refs. 11 and
12. Results for the first three in-vacuo frequencies fi,fs,f
and for the flutter frequency fy, neglecting aerodynamic
damping, are presented in Table 8. Note that the number

U

—
Il

2 X2 GRID

Fig. 4 Finite-element
assemblages for canti- U
levered delta wings.
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of degrees of freedom required for the 2 X 2 and 3 X 3 grid
solutions were only 21 and 40, respectively. It is seen that
the differences between the 2 X 2 and 3 X 3 grid predictions
are very small. This is consistent with the experiences re-
ported in Ref. 6, in that it was found there that extremely
accurate results were always obtained by using only a few of
these refined elements. In fact, it was also found that
convergence rates approached n% for most of the static and
dynamic problems treated. Hence, the 3 X 3 grid solutions
may be considered to be the “correct” values for engineering
purposes. The only possible exception to this may be the
70° delta where the predictions for f, and f; have changed
appreciably. It may be noted that this case was checked
by carrying out the calculations with a 4 X 4 grid of ele-
ments, and the first three frequencies obtained were 82.15,
194.7 and 349.4 cps. The small change in these frequencies
indicates that the 3 X 3 grid solutions are indeed sufficiently
accurate even for this case. The agreement between the
predicted and experimental values is probably as good as
can be expected, since the predictions are for an ideally
clamped boundary, whereas the experiments (Refs. 11 and
12) wused practical installations compatible with flutter
testing.

The predicted values of A, for the three delta wings are
given in Table 9. Again the differences between the 2 X 2
and 3 X 3 grid predictions are quite small, and the 3 X 3
grid results may be taken as the “correct” ones. Using these
results and neglecting aerodynamic damping, flutter bound-
aries as functions of Mach number are calculated and plotted
in Fig. 5 along with the experimental points. The stiffness
altitude parameter cwqu'?/a., as used here follows the

Table 8 Comparison of predicted with experimental
frequencies for delta-wings

Freq., cps fi fa fs fr
A = 45°
2 X 2 grid 55.78 212.2 296.3 167.5
3 X 3 grid 55.72 211.9 295.2 167.6
Exp. Ref. 11 50 185 273 159
A = 60°
2 X 2 grid 76.40 224.9 394.6 194.6
3 X 3 grid 76.28 223.7 393.2 195.0
Exp. Ref. 11 67 200 342 180
A = 70°
2 X 2 grid 82.37 200.3 372.1 183.0
3 X 3 grid 82.22 195.1 355.7 182.1
Exp. Ref. 12 = 79 193 350 161
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Table 9 Coalescence results for delta wings

Finite Aer
element i

grids A = 45° 60° 70°
2 X2 86.204 264.73 715.23
3 X3 86.254 264.32 695.07

definition given in Ref. 11, except that w, is taken to be
the second in-vacuo vibration frequency. The values for
wq used to caleulate the flutter boundaries are taken from the
results of Table 8. It is seen that the agreement between
the predictions and experiments is fairly good in all cases,
but is especially good for the 45° delta. Some of the dis-
crepancy for the 60° and 70° deltas may be due to the assump-
tion of two dimensional aerodynamics, since these wings are
of quite low aspect ratio.

4. Concluding Remarks

The application of the finite-element method to supersonic
flutter problems has been presented. The present develop-
ment employed two rectangular plate bending elements, one
nonconforming and one conforming, and one triangular con-
forming element. It was found that the conforming rec-
tangular element yielded higher accuracy and faster con-
vergence than the nonconforming one. The triangular
element was used to solve several delta wing problems, and
the results compared well with experimental results.

The present method may be extended to solve previously
unmanageable problems involving complicated boundary
shapes and/or boundary conditions, in-plane stresses, non-
uniform material, and so on.
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